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Let B(k,p”) be the least s such that the congruence xIk + ... + x,‘” = 0 
(mod p”) has a nontrivial solution. It is shown that if k is sufficiently large and 
divisible by p but not by p - 1, then B(k, p”) < k1j2. We also obtain the average 
order of O(k), the least s such that the above congruence has a nontrivial solution 
for every prime p and every positive integer n. 
Let B&p”) be defined as the least positive integer s such that the 
congruence 
Xlk + ... + x,k = 0 (modp”) (1) 
has a nontrivial solution, i.e., a solution with not all of the integer 
variables x1 ,..., x, divisible by p, where as always p is a prime. Clearly, 
if k is odd, B(k, pn) = 2 and so we are concerned with the case when k is 
even. Now Chowla has conjectured [l, p. 621 that if p - 1 does not 
divide k and if k is sufficiently large, then 8(k, p) < k1/2+E, where E is 
a given positive number. It can be shown [2, Theorem 41 that in this case 
B(k, p) < k2/3+F.* Here we prove that if k is large enough and divisible 
byp but not byp - 1, then 
tl(k,p”) < k112 
for all positive integers IZ. Hence, as is well known, if Chowla’s conjecture 
were true, it would follow that if p - 1 does not divide k and k is large 
enough, then 8(k, pn) < k 1 2+E 1 for all n 2 1. This is equivalent to the 
equation x1” + 0.. + xSk = 0 having a nontrivial solution in the p-adic 
field where p - 1 does not divide k, for k large enough and s < k112+r. 
We define 8(k) to be the least positive integer s such that the con- 
gruence (1) has nontrivial solutions for all prime powers p*. It is clear that 
*Note added in proof: Recently TietSvlinen has proved Chowla’s conjecture 
(private communication 251.72). 
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where the maximum is taken over all primes p and positive integers n. It 
follows that unless there is a prime p which is large compared to k and 
such that p - 1 divides k, B(k) < k2j3+< for k sufficiently large, and this 
enables us to establish that the average order of B(k) is (r2k)/(6 log k). 
Throughout this paper we write d = (k, p - 1), the highest common 
factor of k and p - 1. It is convenient to express the positive integer k, 
for each particular prime p, in the form k = pT dm, where p’ exactly 
divides k and (m, p) = 1, and as is usual in work connected with Waring’s 
problem, we define 
7+2 
Y= I 
if p = 2, 
7+1 if p > 2, 
It is well known [3, Chapter 2, Lemma 81 that if the congruence xk = a 
(modp”) is soluble with x prime to p, then so is the congruence xk = a 
(modp”) for every positive integer n. Obviously the converse holds. It 
follows that in order to estimate B(k, p”) for every n > 1, it suffices to 
estimate B(k, py), which is the least s such that the congruence 
Xlk + *** + x,k E 0 (modpy) 
has a nontrivial solution, and moreover 
(2) 
8(k) = 9x B(k,py). (3) 
First, we deal with some easy special cases. It is well known that the 
nonzero residue classes (modp) form a cyclic group of order p - 1 and 
it follows that the values assumed by xk for given k and arbitrary x are 
the same as those assumed by xd, where as always, d = (k, p - 1). Hence, 
we have B(k, p) = O(d, p) and so it is enough to study B(d,p) where d 
divides p - 1. Plainly t9( 1, p) = 2 so that B(k, 2) = 2. 
When d = p - 1, the only values (mod p”) assumed by xk are 0 and 1 
and it is easily seen that o(p - 1, p) = p, and if p > 2, 8(k, py) = py. 
Also, if k is odd or more generally if +(p - 1), where p > 2, divides k, 
- 1 is a kth power residue (mod p’) and plainly B(k, pv) = 2. 
We note that an upper bound for B(k, p”) is provided by the function 
y*(k, p”), which is the least positive integer s such that the congruence 
Wlk + . . * + aask = 0 (mod p”), 
where a, ,..., a, are arbitrary integers prime to p has a nontrivial solution. 
We refer the reader to [4, Sections 2 and 31 for an account of y*(k, p”), 
where it is shown that y*(d,p) < d + 1 [4, Lemma 2.3.11. Thus, we have 
44 PI d y*(d, P> < d + 1. 
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Also since the sum of the I = (p - 1)/d > 2 distinct nonzero kth 
power residues (modp~) is congruent to 0 (modpy), it follows that 
W,p”) < W,p’) < t = (P - 1)/d (4) 
for all n 3 1. These two inequalities give good estimates for 8(d, p) when 
d or t is small, and by using exponential sums it can be shown that for 
d < p1j2, B(d, p) = O(log d) ([4, Sections 2.4 and 2.51 where it is shown 
that y*(d, p) = O(log d)). The main difficulty arises when d is not much 
greater than pllz so that t is not much smaller than p1j2 and we are forced 
to use deep arguments based on exponential sums and on the distribution 
of dth power residues (modp), which give us the estimate mentioned 
above, i.e., for sufficiently large d < p - 1, B(d, p) < d2i3+<, where E is 
a given positive number. 
We now show that if p divides k and if p - 1 does not divide k then 
for k sufficiently large O(k,p”) < k1J2. We note that p = 2 is excluded 
and in fact the results obtained do not hold if p - 1 divides k. As we 
have remarked there is no loss of generality in considering 8(k, p’). There 
are two methods available for estimating B(k,py): the first is provided 
simply by (4), while the second relies on the following lemma. 
LEMMA 1. We have 
W, P”) < {4k, P)>” = @(d, P))” < +*(d, P))” 
for every positive integer n. 
Proof. We have to show that the congruence 
Xlk + .** + xSk = 0 (modp”) (5) 
is always nontrivially soluble if s > {8(d, p)>“. For simplicity we write 
6(k, p) = O(d, p) = 8. By the definition of 0 we can certainly solve the 
congruence 
Xl” + *-* + xok = 0 (mod p), 
with say x1 not divisible by p. Thus we can solve (5) nontrivially if s > 8” 
since 
(Xlk + -*- + xgk)- = (x,n)k + n(xi”-1x2)” + -.* + (x/y 
is a sum of 8” k-th powers, with xln not divisible byp, and since 
(xIk + ... + x,~)~ = 0 (modp”). 
The lemma now follows since B(d, p) < y*(d, p). 
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This simple proof was suggested by John Bovey and gives a better 
result than the original version of the lemma. However it is no more 
effective in the application made below. 
We now prove the following theorem. 
THEOREM 1. Let p be a prime such that p divides k but p - 1 does not 
divide k. Then for k suficiently large we have 
O(k,p”) d kliz 
for all positive integers n. 
Proof. By hypothesis we can express k in the form k = p’ dm, where 
T > 1, d = (k, p - 1) < k and (m, p) = 1. We consider various cases: 
(i) T=1andp>d2. 
We assume without loss of generality that d > 1 since y*(l, p) = 2. When 
p > d2 we have [4, Lemma 2.5.51 
y*(d,p) d 12logp + 1 <48logd + 1, 
since if p > d4, y*(d,p) < 3 [4, Lemma 2.4.11. Thus, by Lemma 1 and 
since 7 = 1, it follows that for all n 2 1 
e(k, p”) d @, P”) < {y*(d, P)>~ G kl” 
provided k is suthciently large. 
(ii) 7 = 1 and p < d2. 
Since d < p - 1 we can use (4) with y = 2 and we have for all n > I 
e(k, pn) < e(k, p”) < t = (p - 1)/d < p112 < k’J2, 
since p divides k. 
(iii) 7 > 2. 
This case is proved using essentially the same argument, with the 
hypothesis that p2 divides k enabling us to dispense with any restrictions 
on d and we always have 
8(k, p”) < t < p/d < k112. 
The proof of the theorem is now complete. 
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The Average Order of 6(k) 
We are now in a position to obtain the average order of B(k), i.e., we 
find a simple functionf(k) say such that 
C W) - k;Nf(k). 
k<N 
The underlying idea is that the values of k for which 8(k) is large have a 
distribution which is connected with the distribution of the primes. In 
fact the following result [5, p. 75, Theorem 21 enables us to determine the 
average order for a class of arithmetic functions which includes 8(k). 
THEOREM 2. Let k be a positive integer with the representation 
k = P’((P - W)m 
for each prime p, where p’ exactly divides k, t = (p - l)/(k, p - 1) and 
(m, p) = 1. Let c be a fixed positive number, T a fixed positive integer. 
Let F(k) be an arithmetical function of k de$ned by 
r;(k) = m;xF(k,p), 
where the maximum is taken over all primes p and where F(k, p) satisfies 
the following conditions: 
(i) when k = ((p - I)/t)m, 1 < t < T, p 2 2t + 1, 
W, P) = F(k, ktlm + 1) = F(((P - W)m, P) 
satisfies 
F(k, p) = G(k, m, t) = H(p, m, t) = O(kc/m); 
(ii) when k =p’((p - l)/t)m, 1 < t < T, p > 2t + 1, T 3 1, 
F(k, p) satisfies 
_F(k, P) = O(ke/Tm), 
(iii) when k = p7m, T > 0, p = t + 1, 1 < t 6 T, F(k, p) satisfies 
F(k, P) = O(kVm) 
and otherwise F(k, p) satisfies 
F(k,p) = O(ke-b), 
Then 
b > 0. 
c F(k) = c c c A0 H(P, lm, t) + OW+Wg W/3, 
k-3” l<t(T ZIt p<Nt/Zm 
1<m<r 
where p(Z) is the Mobius function and r = [(log JQ2]. 
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It is easily verified that B(k) satisfies the conditions of the theorem with 
F(k,p)=~(k,p),T=1,c=1,H(p,m,1)=p=G(k,m,1)=k/m+1 
and with b = 2 > $. Thus, we have 
c ‘W) = c 1 P + O(N2Nog N)3’2) 
k$N l<m< T ~<Nlm 
= 5(2) . N2/2 log N + O(N2/(log N)3/2) 
= 7r2N2/12 log N + O(N2/(log N)3/“). 
Since 
C k/log k - N2/2 log N, 
k<N 
we have proved the following theorem. 
THEOREM 3. The average order of B(k) is 
r2k/6 log k. 
More precisely 
1 B(k) = 7r2N2/12 log N + O(N2/(log N)“/“). 
W-J 
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